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ABSTRACT 


The optimal fire distribution policy obtained using a 
stochastic combat attrition model is compared with that for 
a deterministic one. The same optimal control problem for 
a homogeneous force in combat against a heterogeneous force 
of two homogeneous types is considered using two different 
models for the attrition mechanism in a fight-to-the-finish: 
the Lanchester-type differential equation formulation and 
its analagous stochastic version of a continuous parameter 
Markov chain with stationary transition probabilities. Con- 
Sidering ayaarnite programming methodology, a computer program 
was developed to numerically determine the ontimal fire dis- 
tribution policy (closed-loop or feedback) for the stochastic 
attrition process. Numerical values are generated for sev- 
eral parameter sets and compared with the optimal fire dis- 
tribution policy for the corresponding deterministic attrition 
process. Results indicate that the optimal fire distribution 
policy for the stochastic model is more complex than the de- 


terministic one. 
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I. INTRODUCTION 


A. COMBAT MODELLING AS AN ANALYTICAL TOOL 

Mathematical combat modelling is becoming increasingly 
important throughout the services as a tool for assistance 
in decision-making on new weapons systems and force levels 
and for gaining insights to their applications in specific 
military scenarios. It is of interest to continue research 
in this area to develop models which are realistic to a given 
combat situation and hence useful to the decision-maker and 
which are mathematically tractable. Current models in use 
employ either Monte Carlo simulation of combat as used in 
DYNTACS (Dynamic Tactical Simulator), or analytic methods as 
found in the Bonder IUA (Individual Unit Action) model. Ex- 
ploration of the effects of various decision variables avail- 
able to the combatants becomes extremely important when 
attempting to incorporate sound military tactics into any 
model under consideration. These decision variables could 
be explored heuristically or by applying optimization theory 
to each specific model. It is the intent of this thesis to 
examine an idealized question of optimal time sequential 
tactical decision-making through the application of optimi- 


zation theory. 








B. HISTORY OF THE LANCHESTER MODELS 

The basis of the deterministic models used today are the 
equations formulated by Lanchester [6] in 1914 to describe 
the attrition process between two homogeneous combat forces: 
ob aaa oh Pe 
ae -ay and ae -bx where a, b are Lanchester attrition 
rates for the forces X and Y and x(t), y(t) are the force 
levels at time t. Koopman [7] formulated a stochastic ex- 
tension to the purely deterministic model by incorporating 
state probabilities; i.e., the probability that at time t 
the force levels are x(t) and y(t). This extension will be 
referred to as the Lanchester stochastic process. This 
stochastic reformulation became a definite step forward in 
the theory of modelling, since it allows casualties to occur 
randomly over time. 

‘ Isbell and Marlow [2] were among the first to apply op- 
timal time sequential decision-making to Lanchester models 
of combat. In particular, they developed a general fire 
programming problem for target allocation for combat among 
heterogeneous forces and employed techniques of Isaacs [1] 
in their solution. Later, Taylor [9] used a different ap- 
proach (modern optimal control theory) to ene a more 
complete solution and presented a general solution algorithm 
for the basic problem. Specifically, the decision variable 
was the commander's allocation of fire in the case of com- 
bat between one homogeneous Y force against an X force of 
two homogeneous types in the deterministic Lanchester model 


formulation of the situation. Although this is the simplest 





of all possible cases of this type, the general solution is 
quite complicated. Nonetheless, it does give useful insights 
to the problem of allocation of fire, and is a step forward 
in developing solutions for more complex situations. 

Although the stochastic version of the Isbell-Marlow 
problem would theoretically be a better model since the ran- 
dom nature of combat attrition is considered, one might 
question whether or not similar results would be obtained; 
i.e. would the allocation of fire follow the same pattern as 
in the deterministic case? This question becomes highly 
relevent Since to obtain a general analytic solution to the 
stochastic version is exceedingly complex and has only been 
done in a few specific cases. Powers [8] has made a com- 
parison of these two versions for the prescribed duration 
battle and found that strategies were essentially the same 
as in the deterministic model, although in this case the 
comparison was awkward to make. This thesiS will compare 
optimal strategies derived from the stochastic and determin- 
istic versions of the Isbell-Marlow problem in the case of a 
fight to the finish. Hopefully, some insight will be gained 
into the basic structure of the stochastic model. 

The next section of this thesis will review the deter- 
ministic optimization problem and the implications of its 
solution. Then a discussion of the stochastic version will 
follow with a presentation of the conditions for optimality. 
Finally, numerical results for specific cases of the sto- 


chastic version will be compared with the deterministic model. 
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II. PROBLEM STATEMENT 


A. DETERMINISTIC ALLOCATION OF FIRE MODEL 

The case under consideration’ has the commander of a 
homogeneous Y force desiring to maximize the net worth of 
Survivors in a battle between a heterogeneous X force of two 
homogeneous types (X, and X2). A linear cardinal utility is 
imposed on the survivors as the objective function, and the 
decision variable ¢o(t) is the proportion of Y fire directed 
at the X, force at time t. The situation is diagrammed in 


Figure 1. 





Figure 1. Allocation of Fire Between Forces 


A concise summary of the problem and its complete solu- 
tion is given in Reference 10. 


a Gah 





The optimal control problem for a fight to the finish is 


formally stated as 


Maximize {ry(T)-px,(T)-qx2(T)} 





o(t) 
Subject to: 9%! = -o(t)ary 
dt 
ax 
aie SO (ty aly 
d 
a = -b,X,; — D2X2 Ci) 
with constraints 
Ai, X2, Y ca 0 
Oe t <1 T unspecified 
Oeceoit) <e4l 
and initial conditions 
X1(0) ad x? 5) X2 (0) = x? ) y(0) re YO 
and stopping rule 
either 1) y(T) = 0 (X force wins) 
or 2a xi, = Oana xoC™ = 0 (Y force wins) 


Note that a. ts the attrition rate of the x. force due 
to Y's fire, while b; is the attrition rate of the Y force 
due to X's fire. Hence the factor ab, can be interpreted 
as the rate of destruction of X's krill capability againse 
Y. Also, since p and q are measures. of the "worth" of the 


X; and X2 survivors, a;p iS a measure of the rate of 
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destruction of an X, combatant's value to Y and azq the X2 
combatant's value to Y. These are the factors upon which 
the optimal fire distribution policy, call it o*, depends. 

It has been shown [9] that $o* must be either zero or one ex- 
cept for at most one point in time. 

Simply stated, there are two cases in which the Y force 
will always fire at X, until complete annihilation of the X, 
force then switch fire to X,. If x,(T) = x2(T) = O and 
a,b,>a2b2, then ¢* = 1.0 yx,>0. Also, if a,b,;>a2b2 and 
aii, couemmeo* = 1.0 Yex,>O. In the first case if Y wins, 
he will always fire at the force whose kill capability he 
can destroy the fastest. In the second case, he will always 
fire at the force whose kill capability and survivor "worth" 
he can destroy faster. If the above conditions do not hold, 
the optimal fire distribution policy may shift during the 
course of battle, and the timing of this shift may be com- 


plex to describe. 


B. STOCHASTIC ALLOCATION OF FIRE MODEL 
1. Formal Model 
If, in the above deterministic Lanchester-type formu- 
lation, the combat attrition process is considered to be 
Markovian, then the resulting stochastic optimal control 


problem may be stated as: 


1 





Maximize {E{rN(T)-pM(T)-qM,(T)]} 
O<o<1 Se 


Subject to: random occurrence of casualties as a 
continuous parameter Markov Chain with 
transition probabilities corresponding 
to the deterministic Lanchester process 


(1) 
with constraints 
N(t), Mi(t), Meo(t) > O 
Ope t < T, T unspecified 


O<o<1 


[A 


and initial conditions 


P{N(O)=no}=1, P{M,(O)=mj}=1, P{M,(0)=m2}=1 


and stopping rule 
either 1) n(T)=0 (X force wins) 


or 2) m,(T)=0 and m,(T)=0 (Y force wins) 


NGCis)= M(t), and M,(t) are random variables specify- 
ing force levels of the Y, X,, and X, forces respectively, 
E{*+] is mathematical expectation,, and »? is again the propor- 
tion of Y firers directing their fire at the X, force at 
tame t. 

For the reader's convenience, some probabilistic 
aspects of Lanchester combat will be reviewed (see [3], [10] 
for more formal analysis) before the dynamic programming de- 
velopment of the fundamental functional equation for the 
stochastic control problem. Since this thesis is concerned 
with the fight to the finish (See stopping rule for (2) 


above), analysis by the author will then be presented which 
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logically connects this situation to the one developed by 
Powers and Taylor [8] for the prescribed duration battle. 
2. Underlying Poisson Process 
The occurrence of casualties forms a Poisson Process 
with the attrition rates associated with the rate of the 
process. Assuming independent and stationary increments and 
the probability of more than one casualty occurring in At to 


be negligible, the event probabilities are developed: 


Define: 
CX, = Event of an x, casualty in At; i=1,2 
CY = Event of a Y casualty in At 
C = Event of a casualty in At 


and note that CX;, CXo, CY are mutually exclusive and 


they are collectively exhaustive of the event C. 


Then: 
P(CX1) = da ,nAt 
P(CX2) = (1-¢)aeonAt 
P(CY) = (bimitbeame )At 
P(C) = da, ,nAtt(1-¢ )aonAtt+(bim;+ba2mz2 )At 


For the later dynamic programming problem to be de- 
veloped it is necessary to have the probability of a casualty 
being from a particular force, conditioned on a casualty 


occurring. Hence, by Bayes rule: 
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5) ea. ae 
P(CK11C) = Sarn¥(i-$)agntbim, bpm; 


_ 1-¢)aon 
P(CX, |C) pe ga,nt(1-¢9)a,ntb,m,t+b.m, 
: 7 [ein agar olan" 
P(CY|c) pa, nt(1->)a,nt+b,m, tb,m, “ 


3. Optimal Control/Dynamic Programming Problem 


The problem as stated in equation (2) readily be- 
comes a dynamic programming problem when the state of the 
system is taken as the three force levels at any arbitrary 
time t and a return function is associated with each possi- 
ble force level. Define: 

System State = {(m,,m,,n) |O<m,<m?,0O<m,<m9$,O<n<n, } 

Expeeted Return = R(¢;m,,m,,n) = E[rN(T)-—pM, (T)-qM,(7T)] 

Optimal Expected Return = W(m,,m,,n) = Moe 
E 


1 2 noi 


Comerol Variable = ¢ ¢ > = (OF eae a 


1} 


Viewing the system in "backwards time", there are 
exactly three ways any particular state (m,,m,,n) can be 
realized through the random occurrence of, casualties. The 
dynamic system is described diagrammatically in Figure 2. 

The optimal expected return for any state (m);,m2,n) 
1s thus the expected value of the optimal expected return 
from the three previous possible states when maximized over 
tieweconureal variable ¢. Mathematically, 

W(mi,m2,n) = “8 {W(m,-1,m2,n)P(CX,/C)+W(m, ,m2-1,n)P(CX2/C) 
E 


+W(m,,m2,n-1)P(CY/C)}. 
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~ uInqey SSS \i--- or ) \----Or oC 
pe yoodxy (T-u‘ ew’ tu) Cu‘ T-¢u’ tw) M Cu‘ eu’ t—lu) AM 
Tewt ido 
218190 T-u ‘tw ‘tw u ‘tu ‘{T-ltu 
uoTITSUBL], (D|A0)d Coxe (D| 'xo)d 
91819 u ‘ew ‘tw 
UINnZsyY 
po .oedxy Cu‘ ew‘ tu)” 


Tewutido = a a 


BY 





Utilizing the probabilities previously developed (3), the 
fundamental functional equation for the stochastic allocation 


of fire model is obtained: 


ga, nW, +(1-9 )a,nW,+(b,m, +bom, )W; 


Me ee | barnFCL=§ )agntbym +bym, “ 
oe® 
The boundary conditions are: 
aeeone,; a) = rn WO pligs.e05 1G 
2) W(m,,m,,0) = -pm,-qm, an Olas aie 
mo= 0,1,...,m% 


For notational simplicity, it is useful to define 
the following terms before developing the optimality condi- 


tions for the selection of ¢: 


W W(m,,m>,n) 


Wy W(m,-1,m,,n) 


W> W(m, ,m2-1,n) 
Ws; = W(m,,m2,n-1) 


ga ,nW,+(1-¢ )asnW.+(b,m,+b2m, )W; 


R(o) = gaynt(1-¢ )agntb,m,+b2m, 


Rearranging terms of the objective function, a ratio 
of two linear functions of $¢ is obtained (momentarily assum- 
ing ¢ to be continuous over the closed interval [0,1]): 


¢(a,nW,-aonW, )+(b ,m,+bom>2 )W3ta2nWo 


o(a,n-aon)+b,ym,+besm,taon 


RCo) = 
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Since R(¢?) is such a ratio, it feeaeltee that 


>O<— A>B 
R'(¢)C- =0 = A=B 
<O=> AK<B : 


where 
A = (a,W,-a2W2 )(b im, +b2m,+azn) 


B = (a)~€@2 )[(b,m,+b2m2 )W3t+a2nW, J 


Thus, the optimality conditions for ¢ and optimal return for 


the stochastic allocation of fire model are 


R(d=1) <= A>B 
W = Max {R(¢)} =C-R(o') < A=B (¢' arbitrary) 


de® 
R(p=0) <> AK<B (5) 


There is no known general solution to this optimal 
control/dynamic programming problem. However, for any set 
of input parameters (a),,82,b);,b2,p,q,r), a solution may be 
built up throughout the set of possible states. Optimal re- 
turns for the base cases may be explicitly found from the 
boundary conditions, and returns for eee aed ne states found 
in turn. However, these may only be computed in a particu- 


lar order, since to find the optimal expected return for any 


Ro) = BEE RD = Spay 
>O0 = ad>bc 
R'(¢) =O <= ad=bc 


<O — ad<bc 


ing) 





(m,;,M2,n) state, the optimal expected returns must be known 
for the three previous states (m,-1,m.,n), (m,,m,-1,n), and 
(m,,m2,n-1). (See Appendix A for the admissible order of 
states). 

The fundamental equation (4) developed here may be 
obtained from the fundamental functional equation derived 
for the prescribed duration battle by taking the maximum 
length of the battle to be very large; i.e. considering the 
steady state form of optimal return when the time derivative 


of the return vanishes: 
O = (bim,+bem2 )[W3-W]+ nMax [oa, (W,-W)+(1-6)aon(W2-W)] 
> 


Placing all terms within the Max operator and rearranging 
yields 
Max{¢a, nW,+(1-¢)a,nW.+(b,m, +boM> yW3-[oa,nt+(1-¢6)aon 

0 


+b im, +bom> Jw} = QO 


Factoring the coefficient of W gives 





Max{D( 9) (R725W, + Say + CE MN -~ Wi} =0 


where D(¢) = oa ,n+(1-¢$ )agnt+b,m,+b2m, 


Since D(¢) > O ¥¢,a1,a2,m1,mz2,n under consideration it fol- 


lows that 


2 See p. 26-28 of Reference 8. 
4 Max{D($)f£(¢)}=0 <> (1) V6, D($)f(o) < 0 and 
4 
Toa: D(d)£(>)=0 <> For D(d) > 0, (1) ¥¢,f(¢) < O and 


(2) 
(2) Ada: £(6)=0<= °&#Max{f(o)} = 0 
> 
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dain , (1-$)aon (bim,+bom, ) 


Mex Dd) Wey oie i & mCi ce = WwW} a 


=> W= Max tSCeS ne So AD + Coa tame dy 5) 


This is readily recognizable as the fundamental equation (4) 


for the fight to the finish. 
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III. COMPUTER ANALYSIS 


A. GENERAL 

Output information required for analyzing the stochastic 
model consists of three elements: the state of the system, 
its associated optimal expected return, and its optimal fire 
distribution policy, tabulated over all possible states for 
a given initial force level. With this information, a di- 
rect comparison with the deterministic model output of the 
allocation policy and return for each state is made possible. 
The comparison can be made easily by inspection whenever 
fy) * ard> and ayp 2 aoq, since the deterministic model so- 
lution is always to fire at XK, (¢*=1) when x; > 0. AIso, 
when aib, > aobe and aip < aoq, the deterministic solution 
remains the same if Y wins. Conditions that guarantee that 
Y wins are readily determined for the deterministic problem, 
but in the stochastic model whether or not Y wins is proba- 
bilistic. Thus Y's decision may be significantly state de- 
pendent and he must continually evaluate RS TS ey at each 
stage by comparing the tradeoff between his rate of destruc- 
elron Of each X force's kill capability and his value of the 
"worth" of each X force to him as well as the value he places 
on his own forces. The underlying optimal fire distribution 


policy is tractable in this case, but highly complex. 
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B. PROGRAMMING 

For possible future applications, the computer program 
is listed at the end of this thesis. Since the return for 
any posSible state is a function of the returns for the 
three previous possible states, the structural key is the 
ordering of admissible states. Hence this became the basic 
program with the optimal return and allocation policy for 
each state being computed in a subroutine. 

Several manual checks were made to verify the program 
output. Admissible ordering of states previously tabulated” 
proved to be in error; Appendix A is the corrected ordering 
for the general case. This ordering has been verified by 
manual tabulation of all possible states through several 
different force levels. Output from the algorithm itself 
was also manually verified through random selection of ex- 
amples from five specific force level categories where W and 
o* are computed by different methods. Only one category oe 
volves the computation of W and 6* by the method presented 
in section IIB3; in all other cases $* is trivially zero or 
one and W is easily computed once this known. Appendix B 
lists the five categories and computations used by the com- 
puter. Printing of output is restricted only to those 
states with positive components due to the trivial alloca- 
tion policies of those with zero components. The initial 
force levels for X;, X2, and Y are required for program 


2) isvers p. 36 in Reference 8. 
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Set-up. Given a desired initial force level of m%, m3, and 
n),, the expected return array must be dimensioned (m$+1) x 
(m3+1) x(n,+1) and the upper value of the second DO-Loop 
must be ny. The program is designed for battles where 


m?=m$=n,. 


C. INPUT PARAMETERS 

Input required for the program consists of values for aj, 
ao,b,,b2,Pp,qg,r,m3,m3, and ny. Nineteen runs were made with 
various values for these parameters to allow comparison with 
the deterministic solution in Reference 9. The values were 
selected in order to represent the several tradeoffs upon 
which the Y force commander must make a judgment before 
allocating fire. Major factors influencing his decision in 
the deterministic model are: 


1) Rate of destruction of X; kill capability versus 


aiDi 


X, kill capability, measured by the ratio R = > 


2) Rate of destruction of X,; "worth" to Y versus Xa 


aip 


"worth to Y, measured by the ratio 6 = isd 





Output from the stochastic model shows that, in addition to 

the above, the Y commander should also take into account how 

mirecerous the X forces are relative to him (measured by bi 

and b.) and how much he values his survivors (measured by r). 
The system was analyzed using initial force levels of 

ten for the X,, X., and Y forces. In all cases, R is greater 

Piineetc st less than one would give a "mirror image” result. 


The parameter 6 fluctuates about one in varying degrees and 
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r ranges from one to one hundred thousand. The parameter 
sets and major decision factors are listed in Table I. Sets 
discussed in the next section are outlined in the table, and 


portions of each set's output is listed after Appendix B. 


D. ANALYSIS OF OUTPUT 

The major purpose of this thesis was to provide a comput- 
er program for solving the stochastic allocation model to 
give a means of comparison with the deterministic model. 
Significant implications were obtained by selecting param- 
eter sets 1,7,8,9,10,11, and 12 as a basis for comparison. 
In each of these sets R>1 and 6>1, so that the deterministic 
solution is always o*=1.0. The output from the stochastic 
mcdel has shown that, even when the two conditions above 
hold, the Y commander should consider several other variables 
and their interactions before deciding upon which force to 
direct his fire. It is emphasized that the results dis- 
cussed below are based upon a logical intuition derived from 
a phySical interpretation of the various input parameters. 

The optimal allocation policy o*=1.0 was obtained for 
all force levels with the input of parameter set one. Note 
that Y is twice as effective against the X, force as he 1s 
against the X2 force, and that a survivor's "worth" for each 
force is weighted the same. This result also follows in the 
deterministic model. 


Patatiewer Sets 7,8,9,10,11, and 12 utilize, between each 


set, the same attrition rate coefficients and the same value 
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Deterministic 






Parameters Decision Factors 








bi De 

1 2 si il J. 1 1 1 Poh 2.0 
oF. 2 1 1 1 1 9) 100 200 0.4 
3. 2 1 1 1 1 10 1 2.0 Oe 2 
4. ye) 1 1 1 1 10 10 20 0.2 
9) 2 1 1 1 1 10 100 2.0 OZ 
6. 2 1 a 1 1 100 1 ZO OO 
7. 1 1 af A lege 
8. 1 al ska 
9. af 1 1 i Lee 

1 a 1 1000 LA. 

1 1 1 10000 db 

1 1 1 100000 al 
IG 11 af 1 10 1 10 al sie sis 4 
14. - 11 a: 1 10 af 20 1 a eed (0) ae) 
ere 11 al 1 10 1 20 10 5 page! Onao 
16. iO meno o0) 1.1 0.55 
7. mi af 1 10 1 100 1 1.1 Orel 
or a: fi 1 10 1 100 10 a Verne Oy ea uae 
19. | 11 1 1 10 1 100 100 dag b Destal 

Table I. Input Parameters and Decision Factors 
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placed upon the X, and X, survivors. The only change occur- 
ring is the value Y placed upon his own survivors, which in- 
creases by a factor of ten through each set. The attrition 
rate coefficients were selected to represent two different 
concepts. When viewed individually, the coefficients repre- 
sent a marked difference in effectiveness of individual fire, 
but when viewed as products (a,b, ) they reflect almost equal 
(R=1.1) rates of destruction of kill capability. Tactically 
considering the Y force as being attacked by two X forces, 
Figure 3 represents the situation as viewed by the Y com- 
mander with his interpretation of the factors involved. 
Constant throughout this situation are the facts that Y 
can destroy the X2 kill capability almost as fast as X's, 
while an X, element is individually much more dangerous to 
Y than an X, element. The results tend to show that, as 
long as the Y force has a "good" chance surviving, his fire 
will be directed against the X, force which he can destroy 
faster. However, when his survivability is threatened, fire 
will be shifted to the more dangerous X, force. Finally, it 
appears that when destruction of the Y force is inevitable 
(Y has a very low force level compared to X), Y will again 
shift fire to the X, force to destroy as many of the enemy 
as he can before he himself is destroyed. Throughout this 
Situation, as Y places more value upon his own survivors (an 
increase in r), he will direct fire more frequently to the 
more dangerous X force. Reinforcing this is the observa- 


tion that for these selected parameter sets, Vr' <r, 
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Not ‘Dangerous 
Dangerous b2=10.0 
b,=1.0 


W) 1-9 
aibi= 11.0 aobe = 10.0 
\ Effective Not 
ai = 11.0 Effective 
a2 1.0 


r: variable upwards 


Figure 3. Parameter Input Interpretation 
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$*=1.0 at r ~ 6*=1.0 at r' for a given force level, but the 
reverse implication does not hold. 

Tables II and III depict the phenomena .discussed above. 
Within each table, the probability of Y surviving is lowered 
as the Y force level decreases. Table entries are 9o*, the 
optimal allocation of fire for the corresponding force lev- 
els and value Y places on his Survivors. Figures were taken 
from the output in data sets 7,8,9,10,11, and 12 going from 


left to right in the tables. 
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Force Level Value of Y Survivor = r 


m1 n 100 





me 1,000 10 , 000 100 , O00 


10 @) O O 
O 0 
‘O O 
O 0 
1 0 
Table II 


Allocation of Fire When Y Survivability Is Seriously Threatened. 


Force Level Value of Y Survivor =r 





100 1,000 10 , 000 100 , 000 


1 1 10 a i 1 1 1 a 

1 i =, a 1 1 - il 1 

1 1 8 1 a 1 1 1 1 

il 1 7 1 1 1 1 1 1 

1 1 6 1 1 0 0 O 0 

a 1 oO a 0 O 0 0 O 
Table III 


Allocation of Fire When Y Survivability Is Almost Certain. 
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IV. CONCLUSIONS 


The purpose of this thesis was to make a comparison be- 
tween an optimal time-sequential fire distribution policy 
based upon a deterministic attrition mechanism and one based 
upon a stochastic process. This was done for the simplest 
possible fire distribution problem: a homogeneous Y force in 
Lanchester combat against a heterogeneous X force of two 
types. The optimal time-sequential fire distribution policy 
was determined for both the deterministic and stochastic op- 
timal control problems, and the results were compared. The 
Pe ecitie comparison made indicated that even in the simplest 
case, the deterministic model nowhere reflects the many fac- 
tors considered in the stochastic model in determining the 
optimal allocation of fire. Even when the deterministic 
model tends to be simplistic, the stochastic version is ap- 
parently highly complex with interactions amony many vari- 
ables determining the optimal solution. Future work remains 
to be done on determining the true functional dependence of 
mie Opbimal Tire distribution policy for a stochastic attri- 


tion mechanisn. 
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APPENDIX A 
GENERAL CASE FOR ADMISSIBLE ORDER OF COMPUTING OPTIMAL 


EXPECTED VALUE FUNCTIONS 


The ordering is listed for the condition that mf=m%=n°. 
The entire sequence must be followed for each i in the suc- 
cession i=1,2,...,n. Numbers to the left of a section 


identify the corresponding DO-Loop in the main computer pro- 


gram. 
my Mo n my M2 n 
1 0 O 0 1 i 
O 1 O O 2 1 
0 0 i oN 
i A O i-1 i 
i 
200 aL 2 0 : . : 
i O a 
i i-1 O i O 2 
1 i 0 e200 
3 : F i 0 i-1 
300 a O 1 
i-1 1 O 2 O 1 
= 7 0 700 
i-1 O 1 
; it O 1 
i 
400 
O i i-1 
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1 i i-1 
i-1 i i 

vb i-1 a 

1 1 i 





34 





APPENDIX B 
CATEGORIES OF COMPUTATIONS FOR OPTIMAL EXPECTED 


RETURN AND OPTIMAL ALLOCATION POLICY 


Boundary Conditions 


1) W(0,0,n) = rn B= 1 ee ig 
2) W(m; ,m2,0) = ~pm,-qmoa m,=0,1,...,m} 
m>o=0,1,...,m- 


Special Cases 


1) m,=0, m2>0O, n>O 


beom,W(0,me2 ,n-1)+taonW(0,m,.-1,n) 
bem2taon 


W(0,m2,n)= 
6*=0.0 


2 ) m,>0, m,=0, n>0 


bim,W(m, ,0,n-1)+a,nW(m,-1,0,n 
W(m,,0,n)= EMAL pba eta (my 


o*=1.0 


General Case 


1) m,>0, m2>O, n>O 


Let A = {a,W(m,-1,m.2,n)-a.W(m, ,m2-1,n)}(b,m,+bom2taon) 
B = (a,-a8,){(b,m,+b2m, )W(m, ,mz ,n-1)+a3nW(m, ,m2-1,n)} 
Then 
A> B= 6* = 1.0 
A <B> 6* = 0.0 
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And 


W(m,,m2,n) cs [o*a,nW(m,-1,m2,n)+(1-6*)agnW(m, ,mz-1,n) 
+(b,m,;+bom, )W(m,,m2,n-1)] / [$*a,n+(1-$*)aon 


+bym,+b2m, J 


36 





1.0 


OOO 
Ooo 
OOO 
eee 
—_ 4 —t 


HoH ut 
ANG 
coo 


OOO 
OOO 
Oo0oO 
e 2 © 
Nie 


“wend 
aN 
<i <{ 


 _— i= - lew i ee 


tel 
aw” 


M2 N 


STATES 


M1 


DODO DODO D VDDD O OMS SODOO DOO OOOO DOO SSO SO SOO SOSOSVOCoVocooO0Coo0o00000000900 
ODO DO DOD GCDOODODODODSOSO SOO SO SCOO OSS OOOO DOOSOSO OSOS SHS VO OOOO 9 SOO OV S9OS00000 


“®@eesteeeeeeepeteeeeeeteeeeeeeseetetrteeseeeeeteeeeteeeeeteeeeeetrteeeeeeeee 
Stetetaet etest§ teeta $e et tee st $e test et$ st St $i et ett et ei ete St§ Steet ei e§ $eas$ st et§ Stet et et ett et St et Nt tt Ae 


DOMD FOMNDOANMA STM DODONEIND $F PONDMANGMVDO FOODHOAMSLAAHANOMN GMO FOL 
ONMMNFODNSOOMMY ON DORSEY OF DNONNOM FHOODMDDOVIKE ADROGAHDOMMSDIAMFAMOAOMN 
eeoeveveereeveveereevteevereeereseeereeteevseeevreeeeeeteeeteevee eevee ee ee ee ee & 
ANNO MASON MOHSNMAM PFOANMNAO OFOSF NAM PY OM FOAMS STNOMH MFO NOMNMNAONROROAON 
bit Pprbirrreregrertbegd { prrrvrrrrrerar rar rrerbrrrrrerver | ae 


Bt BOND tN OOD eh 8 OO AN NN NF AL 0 AIAN 9 St SI SAI AAI 00 Ft SE et rr 
BENS BOLO HOD OL OLE YN OD tN ON SAI SI SI SE SSE St te et IR AINININNO SOS 


BONG eh ND md OIL OO SOA EA NI SAI AI OD SES EEE PAN M SFANMLANMANMSANMPAANN 


37 





1.0 


R= 


olor) 
OOO 
OoO°O 


ee 0 
a4 
— 


UL 
ANA 
<< 


M2 N 


Sages 


M1 


DODO ODD ODDO DV OOOO OCOC OCC OCOCCOOC OO ODOC OCOOONSO9D0 09000000000 000Cc00000 
DODD ODD ODD DOOD DODO DOD OOO ODO SCO OS ODSOVOOVDSCONVD OOOO OO OO99C 9000000000000 


@#eosxeesese$ecseeee+5weeFfeesetkrtreteereetseerteeeeseee#sr#evseete#seteteeseseeeeseeeeeekeesteses ef ee emcemUMmUClcOOmUCUCOOCmUC HU OU HhUF 
Seats St et et HR HA ANH A Nt St St tN AN ANA AA NN At Nt Nt NN AAAS 


=P FON ASOD OE NOE OLDS MN DO NOOSE MO LPM SH SOAS ON SUID ADUON SF DOU DO DAD UN 
SPONSOR LAV AO ALI Oe BOW OO SI RIO & ONO O00 MO ANIILN 0 OO OM DO AUER PE EP FON CIN DO OAD ONWIOUIE Oram 


Pr er ee ee Se Se eS SDSS SSS SSS 2 
ANNO MANU ANMAPFAMMFINGM FODOAMAN MAIS FINO NFO MNASIN OM FOO STN HOOCORAAINNAMOS 
irrttrtirrtitrett@erts brirtidvitrrittirtrirrrtrtrrrbrrtbenrt pidrreeed 


SAAN ANNN SAAN RAR AN AMM MMM MOAN OM MASAO Sata NUNANMMO SSP wrry 


SAN ANNAQUAN AA MMMM MO SRAMANMAMMON MAN MOAN MANOS SSeS SS SAN NNANMO SOS 


AOI HAN HO NE 0 ON SNS SRO AE SE PE ESSN SAN MPFANMANMSANMO SANA 


38 





10.0 


O0Oo 
Oooo 
eoleta) 
e* © 86 
HAO 
= 


Wout tt 
mA 
a a 


OOO 
OOo 
OOo 

eee 
aoa 
eae 


Woah tt 
ANG 
<< 


me) <t 
aw” 


STATES 
M2 


M1 


O00 80 000 200000 QWIDOOOVDODONO OO DIOODOIVOVVONVNO OoO000 
DOD DODD DOCOCOSO DOOD VCDDDOOODOSSCOSODOO OOSOSSS SCOSSOSSSOHqooo0 90000000000 


eeeveenve4veetevee#eeetvieteeeteeteeerteeeeeeeeseenrteeteeoeeeseeeeeeeete eee ee © & 6 8 
SH HORA HORA HO A SARA HODOOCO FAN AANA AHO AHO At Nt at ttt st HBO OO OOOO AAA Ae 


OTNOTARDONME™ MEE FOMOMNDO CNM FH OMT AO HROMNTFNDADAADNMANOQMI AT OFNM O 
DOVDANO OF AN FOF ODM AOMIA™ DIANDA ST MHNODOON Met HH SF MNNAO OLIVE DO DODAMMADD 
eeevteeeveervneeveeeeeeeeoeveeree ere eeevevreer eer eevee eeeeeoervr eee eee ee ee ee e 
AQUNNONONM FO MM FIA MFO OFO NAIA MAIS FUN APO MMA SLD OM FOAOM FFI SF NONCOANMNT 
ie Vea wise td pee ee Pa il aaa Prirypryde 


SAAN ANNU ARAN AAA AUNMMO MMO MO OMAN MMO MASA ANNN MMO AA aAANNAANAMI OOS PPPS PSS 
HANI ROSS AN AN AN TF ND IN OD OT NO ANI SINT SIN ESET IISIINNN NOS OOS 


SAN SAR NUANUAM MOO SAO AN ANM SAN MALO OSE EE SE PANO FAN MO SA NMANM PANO AANA 


39 





100.0 


R= 


OOO 
eleole) 
Oo°O 
e ¢ 
HAO 
mand 


nau 
aN 
mcd 


oleate) 
Odo 
eolele) 
ee @ 
aa 
end 


wou 
aN 
<< 


M2 N 


STATES 


M1 


COODDOOCOCO0COO © 
no G0 B00 COS COGS S550 90909990809900899999909 9000290 088 ea 


Le I A EAI CONICS OL nai A Pe ee 


es Seno COCO 0 COMO AMO O FOO IrINIim amt QOQO00" oon 


SOA OR AERA HOMEREO DOO ONOLRA TOME OMINNMOU TINO TONAL AOE S BONES Sie 
DEN ARO GAO 4 ¢ OP MO DNODN ONIN OFT E SMAI QAO a ee eee 
are naps sas wee ss ssa c ces se eet ee oe 88 8 8 8 8 eS GC aNMO 
ag as Finan AN OEM DAMIANO TINO SSN Nt 

i INT PEE bp aoret Peat temero at ee eee | \ 


SAA SAIN AR ANRIMM MAM MAMA MM AANA MMI IAINAIAIM MOS SSS TSS SSS 


SRI CI I OU EN EE AIA RICE AI AA AAI A St EEE AE EE EAE EAI INNS OS 


IIIB cca AA AN AN AANA NAO PS SESE S SS AM SANSA MNS ANS AIS 


AO 





1000.0 


R= 


OOO 
COO 
OOO 
® 8 @ 
4HOr 
_ 


How 
aN 
mca 


OOO 
OOO 
Ooo 
®* e@ ®@ 
edd 
4 


nun 
AN 
<< 


ide N 


STATES 


M1 


OOO O OC O9O0000 O 
OON9D0 O09 DODD OA OOO A VDA OAO 9 OOS OSOOSA VOOM SA SOO SAO OO VA SOSA 9O9O 900000 


OOD 9909000000 0 FFHHOO909000090 906909000 3FA9O90900 00 AAA AAA HOOHOOO00O0 


IVE ODO DS 9 OL TO OB Re A OO PD SOO HON DM SHOP ONIN OOP OW TN POW HO ADLVS Pe 
LV SO VIA TY OB DM HOD OO DOIN DD OR CNOA MPRA POP ODO DOO SMR EE LON AO SPO OD ONAIN 
oeeeewreereweeeeeeeeeeereesereetreeveeeteoeeteoeeteeeeeeee tee eeeeee 


PO DMO IOI CH POD) ED OD) PUD AN SAID tet PB SPL ONE SPN PFUVOEMOFNDONO DO 


Mia OIL MANM 1 Os!l Et li bpNmMmran i O NI taatieo PEPE RPELPrEebrt bh EmMOommoawn 
v) } N OVO rt et = N Ne) MmdOrmmnmy 
mt ed od od 


me IORI SHRI N SHAR ANAIM MOMMA MAM MO MO SHRRIAAIN MMM Set asANQNNN MMM 
Rt SN ION SN AN RSA COM MOO SH SRAM NM MONO SAAM RAIMA SPP Ps P> sf set sANN 


BNI he ONY ODODE SY DO) OND OD at OD St IOI LD OSS PSS LPANOH PHAM PHNUMANM PHN 


Al 





10000.0 


R= 


OOO 
Odo 
OOO 
eee 
aoe 
~_~ 


i | 
ANG 
aa 


Ooo 
Ooo 
Ooo 

eo ¢@ 6 
ao 
a 


ee 
ANA. 
i< 


M2 N 


STATES 


M1 


OOOO 
See a DOOOVOOOCOOCC0CO000©O OB 00CCOO OOD OD00OS000000000 


eeoe?ees2#etege?#eFeerse?e#e?eese#eevsgertfe#e?em6mc8ttmUcMMmhUCc OWClch]OCUUC HOCUCU HhUCMOCmUCU HOChUL]}]H OCF fF HO HT HFT SF FF Fe OW U)0WmUmUmmUCUM HhUCUMRMhChUCOhCUMHrhCM OCMC PCUCUM OCC OOChUMHhUCOhlUhHh(C(< HhUH 


elolelelletoreelereretetorererersterers OOO OCAQOOO OO AAAAOOORnOOO0OO0O000 


UVES DAT MHD OF DM EV OO OFM ORM O OMS IY OOF OMENANOMIHKDOWINSFMORFOOMTOTMOAOMWWN 
DD MN DOR COL al OO RAST ON COO OP ONT OM MO ADO RON OUT E P hhh DAN FO Pah ANY ST 
| 


NMADAODOM AMM ON PFUIDNDADADIADMH DWDOSTMONDA DOMNAOMTNOMMOSOM-OMOT DORM 


Coe ee I PAN ANOD Porm ~wmmemT_ Ppt hSMroom 
O MANS ON Noeraw AO WN aa +O MOMrnjoWn 
an) an) N QOMa es 4 N Ne) Mm OFM OH 

at 


AAANANNN SANNA ANNMOMO MOON OOM AAANNN OOM AAA ANNNN OOS SPS 


AANANNAN ANNAN MO OOM MS AANONMOOANO ANDO ANORN OS PSPSPS SSPE PA AAANN 


AN AANANNG OOO ANMAN AN MO SAAN NOS SSP EST LPANOHLPANMNTANMANMO PAN 


42 





100000.0 


R= 


Ooo 
ol elon) 
OOo 
eee 
=+Ore 
a 


Hoa tt 
ANG 
on 


olele) 
Ooo 
ODO 
e* @ @ 
at ed el 
r=d 


Ue 
aN 
<I <{ 


STATES 
M2 


M1 


CO00O 
ODOQOOOOVOOOOSCOSOOSOOSO OOOO CO OO OO OSS OSCOSOOS SOOO COO 9 GOO 900000000 


*eeeeeeeee?ete#eteeeeeeee#e#eee?teeeeteeeee8eeeeeeeet#kke*e?etksgeorftetrk#eee#ee#e#e é 


OV GCOS OVO OOO OOO DOSOSO ODO CO OV OO COOSO OS OO OS SS HFA AAHOOOGCOO0000000 


DMM QWMNTOMVODAM at OOSIPVNDMND OA O(ANVM ANDODOAMNLAYNMEAOMODOANAW 
DOAN FOP AIM SOV MD 00 DO OD FLD ST OT SI OD AC OD AULA OM RAD Re RE BREE HOMO MIAN OMA AN O D 
eoeeeeebsb#beeee5osvseeeee#eeeeee%#e#ee#eeeee#8e#e#ee0ee#ee#ee#e8#e#eee%eeeee?eeee%¢eeee# @ 


MS OAFONDODHAO-NONOMADMODVDKHDOTFOTMOMADTOOOPNOEMNANOMOSFFHOOE OM 


MOSTONDODOTE OW PAM ODTROMNYMOM AIP DNATA 1 tI plLowvostHsoonnwT 
OD MOAN FO OO ALAN NAOMI ANMODRS FSR Yh et MOTOOM 
eA DO MANS ON MOM-MoOW 


NOS resNn FOr eded sO 
Oar et oe N No) MOTOS OM 
goed mad 4 onl 


sp) a8) N 


EO RAC OIA SARI A IRQ AIM OO OO OO AIO 909 RIAA OO) tet ed MIAN OOM OO SE 
SANA AN AN AN MOM OOO Set NUMAN ONO AAMAS Se TS PSE Pett RNAN 


EO eb med I BOIS) OV ON EO EO A SEO QUOD OD EE EE EP OM FP SOUM FT AAIMAAM tH 


43 





SPOCHASTIC 


= @ tas 
- Pt - 
rae ~< 
x8 ey 
af = + 
“LL 4 
~ & T= 
~~ @ pred 
» If = 
OCF a) 
o= <b 
Mme 
Lx ax 
OD = 
ue OX 
sae UD 
om fe 
eer UWS Cc 
Wik Ke ~ CF 
“OQ uUlx COO « 
Me= = = +O 
ec we ~~ wm e* Og © e 
->< <e ~~ oom LO 
LN OW ~ WN © 
eo A= YY OOM « ~~ 
> ~ Ge oe — & o~— CO) 
—iN = sqHQ vA <{ OQ 
Fae WX a -OOC) « i 
etm WMH eNO "Or 
O- e t— o« FHCOUVAI oO ey eT eee, at ly oy ony me ty gin = =— ~_ © 
mod of es <l e ae eel m & Ooodntonena YYZ al wal xv ~~ — — — »< S— <x<— 
SO LL OX LL A 4 edo eOr4 eRe Be Hm OOK ene KX & & << KS MS MZ MKS <{[ wd IY 
Mm FO OVS aD o e<{ OOAOnRHORA ate) a ae oe Iz <<a_e Ie«<udue dade = = =o 
Opa Nee ef am wenn nnned eee een Ss - => €£5 => 55> Ve2xe2 cz 
ee el) & am wee OO) LL PmOO OROOCHnHOR AZ aie one Lo “™ oe tl Ye = & Me —{ = Ww" o e e<I o ~ & 
Oe NN eM we TE KIO DY wre wr wee wee eee n wee ase ed ate wi nr” Potent - 7” aS ee aoa 
OWA MNAtOans eZO ean A] +4 a had TE ie Le oe ae WoW Nee CO we 
AO = este Fae eee 1£000.0.0A00 Il eC: Ge ha WO ee bo io oa nea Saw 2A OO MO 
wee HOw NO <T “WOOO Beart aarsZz > er on ee ee Po ee oO | SS Nat oS 
<4 e et OU Ore OO OOOOINO O CIUOO } OQ Of} O OQ \ © © } OD i GCOwWOn | OUD 
Ree OLR Fe FEO ZOw AOU UUUUUO WOOZOWOOOZ COOZzZOO ZOOZOOZO0O02ZZOO *O 2ZoOew 
Kaddteceddaadzorm cawisi © oO Oo nf Oo WO Io HO too KHINOxY Aula es 
ee eMe STB elLQTwsaAOwe eR KY lle) III KAJ UO KK OFS KEN SS CK OK LI KE UN OK mp rt LIE OX LI 
COTW eUACRASES DL eer QTL COO LI Ss eC KT OCs TCC OK COLIC LI pe [Pan & — SO eee 
DOOOM™COOWMOanQOWL A ery Saati ata<stowvuadtaotoasododea nv oK<tVOct Ww TPODTTORAeTOOKNOZACOUWTAOZOAO 
Scien TG wall aie ee ee OR SO 9 OQ0U NOOO = aaa 
ce = 
OoOuU OO © eB © © © © - OO Oo mA OO 
a fh Wis UY Oo & © © © © Oo Oo 


© 
AN ™ NO  g uy eo) ~ oOo © oh 
re a 


44 





* NJ 
(NJ <{ = 
cm 37 2 
+ ~—o. ~ ~ 
a= LS _~ _ 
SIN SS tH a -_~ -_~ 
7 a™. a c= 
OQCc0 a4 # l\~ + + 
eRe OO N o-= < Pad 
— << eZ ~ 
MOQ +t + — N ei 
CoC) CD =a —r = = 
a —~ NI + + a 
Ne ee | ~ Sm OT oH ee 
FOoOOoOOQO 2 + Nt ee = 
iL« #8 e ~ A nZznHem 3t 
ee-t-ke NO Oe + ee 2 =. 
PeCCOCD. a: o oo 4+- 3 ty 
=i e © © - = =FteZaz N oi 
naaeeL = + Awe e& << <I 
chen a m4 Hass + + 
Nee em = oet+ — — 
“IOO = — +o 2 = 
O722 — = = NS. ~ o 
o<q<i<tl = + Zmwae r 
i2« © © + — HtZVit 5. + ~ 
amnemam =O OO OA Ne ON re ~ 
zZéxKMOOQOOQ 2 = ITO = - N 
oO wh eee | # att +S io rH oe 
© m~ FY OOo — A iA ewaS S 4 a +t 
Ne) z= emOOWU | © Has > — CJ 
N = ~ CNeee + + ae ee > + 
New HNN 2 Ss OCOr4He + 4 a 
CO OC > 2 an | OO o> a ee co !roe WN re = 
~~ Set eX ee e + rr Cl owt Se + 3 ae 
© Oe =AONKMDOOOCN BD Reali ew A = ~— 
<x On~ Mam OOK nn me oy on west NSS Sl Yiw~ 4 (a) Q 
<I as <Iv = ¢ woe QO eo ect <f<t eo wen tH + RD { — MT) 
= Ss eS ne & =D @¢ 0 tORrt tm FZ +SZ it iN a i 
52x35 me <TD Zee L. a On esnnen (DS am et Zon — ~ + co 
e~ «<I eo ~ & <I o Tr eH & © Ler N ¢OOO —) Ol] + mo ee AIO -—_— —s_ (¥ bh 
oe Lame Pl coe) oa Se Zee Z wy =<I> © © emt IZ OdMHSsN +2 +2 tt OO 
Yn | ieee oe en | Oe Ne et et aa) Ly Or WOX tow ese og SH Wit =~ + 
7 9A Ox<SO. “O eo ey a oo a o Zea AUIOoW eft HAN AN ow eA) ea oF A 
— Sea) Ss CGeawuwwWw) Bese SsWwuUO ~- mO<i~ © 0 OCC Se ree tO A FTF OU 
POOWORZOO WODDD OOOODD~ a se Te OUND wwe OE + + = e- 
ZoQ *) 27DOUOSZ *tO]4]4zZ2= QGQOU0Z2Z DWZERE ZZ ONG HS CHUN ZNN ZAR] eoZTZ 
HAM ONS Hea Rte th LL) D2 Od www SZRININ + OF- Fee WEE FEI + 
(aa | 4 oe SS } J Jf} - (XC ULE Sr ST er er er ert cb et WOH SED ett Dat D eDAD 
<I ZT J SJV2VvZZI II IZZIE OON OTT e OPE Vz Hee RANE QV ste st St OO 


S00u doOzOaEuU ao IMS COOUGkreRS DROOWLLLY NU DOW Se Ue Oe Oe a 
MOO OMQO QIHOQVUOEZOUVUUVU RMNW NQOLRS Hast Sb SORrOSt FASO E~OCSOSACUW 
an | = ca = = 


Own Oooo ‘eleke) o>) cm N m st 
oO Ooo Ooo LY 

cy) TUN O m=if- © ~ 

ra =+—i-t As 


45 





10. 


LIST OF REFERENCES 


Isaacs, R., Differential Games, Wiley, 1965. 


Isbell, J., and Marlow, W., "Methods of Mathematical 
Tactics,'' Logistics Papers, No. 14, The George Wash- 
ington Logistics Research Project, September 1956. 


Koopman, B., "A Study of the Logical Basis of Combat 
simulation,” Operations Research, v. 18, p. 855-882, 
1970. 


Kushnercsed.3d., Introduction to stochastic Control, Holt, 
Rinehart, and Winston, 1971. 


Kushner, H.J., "Optimal Stochastic Control," IRE Trans- 
actions on Automatic Control, v. AC-7, no. 5, p. 1Z0= 
we, October 1972. 


Lanchester, F.W., ‘Mathematics in Warfare," World of 
Mathematics, Vol. IV, (J. Newman, Ed.) Simon and 
Schuster, New York, p. 2136-2157, 1956. 


Morse, P.M., and Kimball, G.E., Methods of Operations 
Research, p. 63-77, M.I.T. Press, 1951. 


Powers, R.L., and Taylor, J.G., Comparison of a Deter- 
ministic and a Stochastic Formulation for the Optimal 
Control of a Lanchester-Type Attrition Process, paper 
presented at International Symposium on Applications 

of Computers and Operations Research to Problems of 
World Concern, Washington, D.C., 20-21 August 1973. 


Taylor, J.G., "On the Isbell and Marlow Fire Programming 
Problem,'' Naval Research Logistics Quarterly, v. 19, 
moO. OF Pp. 539-856, September 1972. 


Taylor, J.G., Survey on the Optimal Control of Lanchester- 
Type Attrition Processes, paper to appear in proceed- 


ings of the Conference on State-of-the-Art Mathematics 
in Combat Models, p. 13-23, 31 January 1974. 


46 





INITIAL DISTRIBUTION LIST 
No. Copies 


Defense Documentation Center 2 
Cameron Station 
Alexandria, Virginia 22314 


Library, Code 0212 2 
Naval Postgraduate School 
Monterey, California 93940 


Department Chairman, Code 55 2 

Department of Operations Research and 
Administrative Sciences 

Naval Postgraduate School 

Monterey, California 93940 


Associate Professor James G. Taylor, Code 55Tw 1 

Department of Operations Research and 
Administrative Sciences 

Naval Postgraduate School 

Monterey, California 93940 


p= & 


Associate Professor Gilbert T. Howard, Code S55Hk 

Department of Operations Research and 
Administrative Sciences 

Naval Postgraduate School 

Monterey, California 93940 


CPT William P. Hannah, USA 1 
28 E. Faris Circle 
Greenville, South Carolina 29605 


Chief of Personnel Operations 1 
ATTN: OPXC 

Department of the Army 

Washington, D.C. 20315 


Chief of Naval Personnel ik 
Pers 1il1b 

Department of the Navy 

Washington, D.C. 20370 


Dr. Wilbur B. Payne a 
Deputy Under Secretary of the Army 

(Operations Research) 

2E621, The Pentagon 

Washington, D.C. 20310 


47 





10. 


11. 


Office of Naval Research 
Arlington, Virginia 22217 
ATTN: Dr. Robert J. Miller (Code 431) 


Office of Naval Research 


Arlington, Virginia 22217 
ATTN: Mr. James Smith (Code 431) 


48 











Cy> Ww 
“yi. i 
Ui- M™ 


NA ho 
Wiwn 





Hannah 
Further comparison of 
stochastic and determin- 
istic models for the Op- 
timal control of Lan- 
chester-type attrition 
processes, 


4 aa iNT ATA at 


mi hee ma anaeNa 





